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Summary

Uncertainties in the critical boron concentration during reactor burnup calcu-

lations strongly affect the spectrum, thus propagating to the 1-group cross sec-

tions and reaction rates used in the Bateman equations and eventually

affecting the resulting nuclide densities. These, in turn, alter the calculated

critical boron concentration and so on. Usually, the uncertainty due to this

nonlinear feedback is overlooked since only final (ie, at the end of the cycle)

radionuclide densities are considered for fuel and waste management. How-

ever, for source term analysis, an accurate estimation of the core's radionuclide

inventory is required at any time during the irradiation cycle. This paper pre-

sents an in-depth uncertainty analysis on the nuclide inventory calculations by

considering the nonlinear feedback due to deviation from the critical boron

concentration during calculation. In particular, the physical characterization

of the interrelated effects among spectrum, cross-sections, reaction rates, and

boron concentration are highlighted. The results indicate that deviation from

the critical boron concentration during calculation may lead to significant dis-

crepancies in nuclide densities during the irradiation cycle, which tends to

decrease towards the end of the cycle. The physical processes underlying this

behaviour are studied in depth using a high-fidelity model and the Monte

Carlo transport calculations. The methodology presented in this study may be

used for systematic uncertainty and sensitivity analysis.
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1 | INTRODUCTION

In nuclear engineering, burnup analysis studies the
change of composition of the nuclear fuel during the
reactor operation. Two main applications in safety

analysis are the burnup credit and the source term evalu-
ation. The former relates to the reactivity credit of the
discharged spent fuel concerning the safety requirement.
A conservative approach in burnup credit aims at over-
estimating the reactivity of the fuel during the cycle by
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simplified and stringent assumptions in the modeling.
The model parameters affected by a conservative
approach include, for example, the definition of the axial
burnup profile, irradiation parameters, control rod worth,
boron concentration, and moderator and fuel tempera-
tures. For more details, the reader is referred to Ref. 1.

The source term evaluation allows assessing the
radiological impact of an accidental radioactivity release
to the environment. The source term is characterized by
considering the fuel composition (ie, the radionuclide
inventory in the core) at the time of the accident, and the
type of the accident.

In the reality of a highly competitive energy market,
strict nuclear regulators, and continuously tightened
safety requirements, a conservative approach may be
impractical and unrealistic. Indeed, a conservative
approach in burnup credit dramatically affects the fuel
and waste management of the reactor, inflicting signifi-
cant operation and economic implications.2

In the past decade, a favorable alternative has been
developed to achieve better modeling accuracy, the so-
called “best estimate” methodology, which relies on high-
fidelity models, employing coupled Monte Carlo neutron
transport calculations, burnup calculation, and thermal-
mechanics and thermal-hydraulics codes.3-6 To validate
these approaches, benchmark analysis with experimental
data4 is of primary importance.

The adoption of high-fidelity models in burnup analysis
is essential for reliable and accurate assessment of the three
main reactivity control mechanisms: soluble absorbers,
burnable poisons, and control rods. These absorbers
strongly interact with the spectrum and power distribution,
affecting the local and global fuel burnup distribution and
nuclide densities. The operators manually change the solu-
ble boron concentration during normal operation to control
the core's reactivity. Thanks to its high thermal capture
cross section, the soluble boron is employed in many Light
Water Reactor (LWR) designs. It is dissolved in water in
the form of boric acid (H3BO3), and its concentration can
be adjusted during the reactor operation by filtering it out
of the primary coolant. For a given core configuration, the
boron concentration required to reach criticality is called
the critical boron concentration (CBC).

Lattice codes used in the industry incorporate the
CBC calculation with a two-step procedure.6 Here, the
first step consists of the condensation and homogeniza-
tion of the cross sections and diffusion coefficients.
Respectively, it means that they are discretized in energy
and space to have a few group energy representations in
a coarse mesh at the full core level. This procedure is car-
ried out by obtaining a good estimation of the neutron
flux from the solution of the neutron transport equation
at the pin cell/fuel assembly level. The second step

consists of solving the full core problem through
nodalization methods. The neutron flux is obtained by
solving the diffusion equation with the cross-sections and
diffusion coefficients calculated previously, in the full
core geometry discretized into homogenized regions
(nodes). Differently, Monte Carlo codes directly solve the
neutron transport problem on a full core level. In these
codes, the adoption of a priori calculations of the CBC
has gained increasing attention in the last decade, facili-
tated by the increase in the availability of computing
power and advanced reactor analysis codes. For example,
code validations have been carried out with the typical
benchmark problems, that is, VERA7 and BEAVRS,8 and
with the experimental data of other facilities.9

The boron concentration dictates the rate of thermal
neutron captures in the boron, which hardens the spec-
trum. The spectrum hardening (or softening) affects the
1-group cross sections and the reaction rates used to solve
the Bateman equations.10 This, eventually, influences the
resulting nuclide densities in the fuel and feeds back on
the CBC during the cycle.

In burnup credit calculations, the accurate evaluation
of CBC during the irradiation cycle is unnecessary since
it can be substituted by some constant value representing
an average Fixed Boron Concentration (FBC), as reported
in the OECD/NEA state-of-the-art report from 2011.11

Interestingly, this report states that the differences in
nuclide densities at the End Of Cycle (EOC) between
CBC and FBC are negligible. Furthermore, suppose a
conservative approach is adopted for safety analysis. In
that case, it is possible to consider the radionuclide inven-
tory at EOC as the reference for the source term calcula-
tion throughout the entire cycle. In this approach, an
underestimation of the source term is avoided. However,
the overestimation bears its operational and economic
cost.2 For the “best estimate” source term analysis, it is
crucial to perform accurate evaluations of the radionu-
clide inventory throughout the cycle, so an accurate esti-
mation of the source term can be obtained at any time
during the cycle.

The lack of a systematic evaluation of the effects of
boron concentration on radioisotope inventory through-
out the irradiation cycle in the OECD/NEA state of the art
report from 201111 has motivated this work. Eventually,
this issue directly affects the source term evaluation and
the subsequent severe accident analysis.

This paper aims at providing a novel view and deeper
physical insight into the numerical consequences of devi-
ation from CBC during the fuel burnup. The research
objectives are achieved by a systematic study using a
high-fidelity Monte Carlo model. The consequences to
the spectrum, 1-group cross sections, reaction rates, and
nuclide densities are analyzed and explained. To the best
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of the authors' knowledge, a detailed analysis of these
nonlinear feedbacks for radionuclide inventory calcula-
tion using a high-fidelity model has not been performed
yet. More specifically, the objective of this paper is to
quantify the error on the nuclide inventory throughout
the burnup cycle due to deviation from CBC.

The case study is a three-dimensional fuel cell, simu-
lated with the Serpent Monte Carlo code.12 The model is
based on the design parameters of the NuScale equilib-
rium core and cycle13 and is representative of the central
fuel pin of the central fuel assembly in the NuScale core
with appropriate dimensions and average enrichment
and burnable poison concentrations.

This reactor design, which enjoyed much attention in
the nuclear community in recent years, is chosen for
analysis because it is new and thanks to its potential for
scalability and economic competitiveness.14 The NuScale
design incorporates efficient passive safety systems and is
resilient to various accidents due to natural causes, for
example, earthquakes and tsunamis.15 However, core
damage due to hostile military actions or terror attacks,
for example, explosive warhead hit or penetration, may
(and in some cases should) also be considered. This sce-
nario constitutes additional motivation for this study,
where accurate knowledge of the nuclide inventory in
the core during the irradiation cycle will allow the deriva-
tion of an accurate source term.

This study applies the research methodology to a rep-
resentative three-dimensional pin cell as the first step
towards full core calculation. At this stage, the focus is on
the physical understanding of the nonlinear feedback
due to deviation from CBC.

The paper is organized as follows. Section 2 describes
the research methodology, including the theoretical back-
ground, the computational tools, and the pin cell model
used as a case study. Section 3 presents the results and
their analyses, and Section 4 presents the conclusions.

2 | METHODOLOGY

2.1 | The burnup equations

In burnup analysis, the Bateman equations are a set of phe-
nomenological balance equations describing the
production-destruction rates of the nuclei in a given region
of the core. The Bateman equations constitute a system of
coupled nonlinear ordinary differential equations,

dNi

dt
¼
XK
j≠ i

f ijλjþσijϕ
� �

Nj� λiþϕσiabs:
� �

Ni, i¼ 1,…,K,

ð1Þ

where Ni and λi are the density and the decay constant of
the ith isotope, ϕ, σij and f ij are the 1-group neutron flux,
the 1-group microscopic cross section for the transmuta-
tion of isotope j to isotope i, and the decay fraction that
generates the ith isotope from the jth isotope, respec-
tively, and K is the total number of isotopes considered
in the burnup calculations. σiabs: is the absorption cross
section of the ith ithisotope. For completeness, the
Bateman set of equations is accompanied by a comple-
mentary set of initial conditions Ni 0ð Þ¼N0.

In this notation, the nonlinearity is implicit, but one
should recall that ϕ¼ϕ Ni tð Þ, tð Þ through the neutron
transport equation and that σ¼ σ ϕð Þ¼ σ ϕ Nið Þð Þ through
the usage of the spectrum in the collapse process to the
1-group cross sections. Nonetheless, separation of time
scales and proper spatial mesh enable to employ quasi-
static approaches in solving these equations.

The burnup equations are usually represented and
solved in the following matrix form16:

_n¼A �n, n0 ¼n 0ð Þ, ð2Þ

where n is the nuclide density vector, A is the K�K
burnup matrix of elements aij, corresponding to the sum
of the radioactive decays λij ¼ f ijλj and the product
between the 1-group cross section σij and 1-group flux ϕ,

aij ¼ σij �ϕ1gþ λij: ð3Þ

In particular, the diagonal elements aii are the destruc-
tion rates corresponding to �σabs:i ϕ�λi and are negative
and correspond to the absorption rates of the ith
nuclide. To distinguish between the decay and the trans-
mutation reaction contributions, A and aij can be split as
follows:

A¼RþD, aij ¼ rijþdij, ð4Þ

where R and D are the reaction and the decay matrices,
respectively, with entries rij and dij, respectively.

The system of burnup equations can be solved by var-
ious numerical methods.17 The core is usually discretized
into numerous different volumes (voxels). In each voxel,
the 1-group cross sections are computed by collapsing the
energy-dependent microscopic cross sections using the
neutron spectrum ϕ Eð Þ (in the voxel) as a weighting
function,18

σ¼
R∞
0 dEσ Eð Þϕ Eð ÞR∞

0 dEϕ Eð Þ : ð5Þ
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Depending on the user choice, the neutron flux is re-
calculated at selected time steps19 and tallied in several
energy groups and different voxels in the core.

2.2 | Nonlinear CBC feedback
mechanism

As stated in the introduction, boron is used as a reactivity
control mechanism in most LWRs. As the core's reactiv-
ity decreases over time due to fuel depletion, the boron
concentration is adjusted (ie, reduced) accordingly to
compensate for the decreasing reactivity. The presence of
boron in the core hardens the spectrum due to its high
capture cross section of thermal neutrons. Thus, as the
boron concentration is reduced during the irradiation
cycle, the spectrum is expected to soften with respect to
the initial one.

The nonlinear mechanism by which errors in the
boron concentration propagate through the calculation
and feedback on the critical boron concentration is illus-
trated schematically in Figure 1. From a modeling per-
spective, at any time during the cycle, the determination
of the boron concentration (whether CBC, FBC, or else)
influences, in different ways, the spectrum. This affects
the computation of the 1-group cross sections used to
solve the Bateman equations in each voxel. The 1-group
fission cross sections are also affected by variations of the
1-group flux since they are normalized with respect to
the nominal power to conserve the total fission rate.

2.3 | The criticality iteration method

Some methods to calculate the CBC have been devel-
oped for Monte Carlo models.7,20 In this study, the criti-
cality iteration method is adopted, which is
implemented in the Serpent Monte Carlo code.12 In this
method, the neutron balance equation is written in the
following form,

1
k
PfissþPn�n ¼LleakþLcrita,BþLa,nucs, ð6Þ

where k is the criticality eigenvalue, Pfiss and Pn�n are the
fission and scattering production terms, respectively, Lleak
is the leakage term, Lcrit

a,B represents the losses due to
absorption in the boron, and La,nucs represents the losses
due to absorption in other nuclides excluding boron.

At the start of the calculation, a default value of the
boron concentration is set ndefB , by obtaining Ldefa,B. The
critical boron concentration ncritB results by considering a
linear dependence between the atomic densities of the

boron nuclei and the boron capture rate. So the default
boron concentration is scaled by a factor g at every
burnup step, where

g¼ Lcrita,B

Ldefa,B

¼ncrit
B

ndef
B

: ð7Þ

2.4 | Benchmark problem

The critical boron iteration method is applied to a bench-
mark problem in the form of the central fuel cell of the
central Fuel Assembly (FA) of a NuScale core,13 which
reproduces the conditions of an infinite lattice ade-
quately. The model geometry, materials, and temperature
are detailed in Table 1.

Reflective boundary conditions are applied in the
radial direction. Two axial reflectors are modeled above
and below the active zone by 30 cm (each) of stainless
steel and water mixture (80% and 20% volumetric fraction
of stainless steel and water, respectively). At the reflector
ends, vacuum boundary conditions are set. The fuel and
coolant temperatures are set uniformly to 900 and 600 K

FIGURE 1 Schematic illustration of the s feedback mechanism

by which variations in boron concentration affect nuclei density

and vice versa. The spectrum shown (in lethargic scale) was

obtained by Monte Carlo transport calculations of fresh fuel with

critical and fixed boron
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values, respectively. Figure 2 shows the geometry with
fission power and thermal flux distributions generated by
Serpent.

Two burnup histories are considered to evaluate the
nonlinear feedback effect of boron concentrations on
nuclei density. The first one, with CBC, was calculated
throughout the cycle using the criticality iteration
method. The second one, with FBC at 810 ppm, was
obtained by averaging the previous CBC simulation's
boron concentration.

The burnup cycle length is 750 days (�2 years), simi-
lar to that of the NuScale core, with initial burnup steps
at 0.1, 0.5, 1, 2, 7, 15, and 30 days, and continue with
steps of 30 days until EOC. The fuel pin is divided into
10 axial equivolume burnup regions. We adopt the Sto-
chastic Implicit Euler (SIE) method, a burnup scheme
that performs several inner iterations to under-relax the
flux to stabilize the burnup solution. We employ this
scheme to prevent the numerical instabilities due to flux/
xenon oscillations, typical of Monte Carlo burnup calcu-
lation codes.21

The number of neutron histories is 2 � 107 with
20 inner iterations at each burnup step, allowing a statisti-
cal uncertainty of around 30 pcm on keff. Regarding the
nuclear data, the cross-section library ENDF/B-VII22 is
employed. The neutron spectrum is tallied with the energy
discretization of the ECCO1968 group structure.23 In order
to obtain and report reliable results, several realizations are
performed and the averages are considered. A total of eight

independent realizations of an identical input are executed
for the CBC and FBC cases, obtaining a relative uncertainty
of less than 0.4% on the averaged densities of all nuclei.
These are taken as the reference results.

2.5 | Methodological approach to
evaluate CBC effects

The impact of boron concentration is quantified by defin-
ing a percentage error e xð Þ %½ � for all the physical quanti-
ties y under consideration:

e xð Þ %½ � ¼ ycrit: xð Þ� yfix xð Þ
yfix xð Þ �100, x � E, t½ �, ð8Þ

where x can be either the energy E or the time t,
depending on what is studied, the spectrum or the densi-
ties. The error analysis is performed in three steps, fol-
lowing the logical flow of the explanatory scheme in
Figure 1.

1. Analysis of the errors associated with spectrum
variations.

2. Propagation of spectral errors to the 1-group cross sec-
tions, flux, and reaction rates.

3. Analysis of the impact on the density, activity, and
radiotoxicity of the nuclei of interest in source term
analysis.

The next section discusses the results concerning this
scheme.

3 | RESULTS

3.1 | Spectral uncertainty analysis

First, it is essential to verify that the criticality density
iteration method simulates the boron variation correctly
over time. Other reactivity control mechanisms are not
considered, that is, control rods and burnable poisons
thus the CBC compensates for their effects. For this rea-
son, the CBC values are scaled by a factor of 0.51,
corresponding to their relative contribution concerning
all other control systems in a typical PWR.24 The shape of
the boron letdown, shown in Figure 3, is well reproduced
(left) and the reactivity remains zero throughout the cycle
(right). Moreover, despite the approximation of the single
fuel cell model, the values are in good agreement with
those obtained by the full core analysis of NuScale,13

where the concentration is around 1200 ppm at BOC and
600 ppm at the Middle of Cycle MOC. As expected, the

TABLE 1 Design parameters of the NuScale fuel cell. The

power of the single pin is calculated by multiplying the average pin

power (16.5 kW) with the relative power distribution of the central

FA (1.1) and fuel pin (1.2)

Parameter Value Parameter Value

Height 200 cm Fuel UO2

Internal radius 0.4058 cm Enrichment 2.6%

External radius 0.4140 cm Power 22 kW

Cladding radius 0.4763 cm Tfuel 900 K

Pitch 1.25984 cm Tcoolant 600 K

FIGURE 2 Axial and radial plot of fission power (red/yellow)

and thermal flux (blue) distributions, generated by neutron

transport calculations in Serpent
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reactivity decreases over time in the simulations with
FBC (at 600 ppm).

The normalized spectrum of the two sets of simula-
tions (FBC and CBC) is compared at the BOC and the
EOC, as shown in Figure 4. Compared to the FBC, the
CBC spectrum becomes softer over time due to decreased
boron concentration. This trend is quantified by the rela-
tive difference between the CBC and FBC boron
spectra, e Eð Þ %½ � ¼ ycrit Eð Þ� yfix Eð Þ½ �=yfix Eð Þ�100, where
y Eð Þ� dϕ Eð Þ=dlog Eð Þ. The relative difference is shown in
the lower panels of Figure 4. Initially, the difference is
negative in the thermal region, with values around �5%,
and positive in the epithermal and fast regions, reaching
10% to 11% for energies above 10�5MeV. This indicates a
harder spectrum in the critical boron case. At the end of
the core's life, the trend is reversed.

To study the spectrum behaviour along the cycle, the
spectrum is divided into thermal, epithermal, and fast regions,
according to the energy ranges [<1 eV], [1 eV-100 keV], and
[100 keV-20 MeV], respectively. The error in the FBC spectra
is quantified as a measure for the average difference between
the spectra for each energy region for each time step
eϕE

tð Þ %½ � � R
ΔE ycrit E, tð Þ� yfix E, tð Þ½ �dE=R ΔEyfix E, tð ÞdE�

100 and is reported in Figure 5. The thermal spectrum
error is negative at around �2% at BOC and increases
over time, reaching around 3% at EOC. This trend reflects
(and quantifies) the softening of the CBC spectrum con-
cerning the FBC spectrum during the cycle. For the same
reason, the epithermal and fast spectra trend is reversed,
with values between 6% and �4%.

3.2 | Spectral uncertainty propagation to
1-group cross sections

During the burnup analysis, the spectrum errors are
propagated into the calculation of the 1-group cross sec-
tions used in the Bateman equations (Equations 1-4).
The errors in the 1-group microscopic fission cross

section eσfiss: are shown in the left panel of Figure 6 for
the most important fissile and fissionable nuclei, that is,
235U, 238U, 239Pu, and 241Pu. The specific isotope is
indicated by its atomic mass number. The cross
section error for isotope i for reaction r is define
as eσir tð Þ %½ � ¼ σir,crit tð Þ�σir,fix tð Þ

h i
=σir,fix tð Þ�100.

The errors in the 1-group microscopic fission cross
section eσfiss: follows the trend of the thermal flux spectral
error eϕE

for the fissile isotopes (recall Figure 5). This is
due to higher values of the fission cross sections at ther-
mal energies that weigh more on the final calculation of
1-group cross section. This trend is expected for a soften-
ing spectrum. Note that the errors eσfiss: change between
�8% and +8%, larger than the thermal error in the spec-
trum eϕE

. In the case of 238U, the behaviour is reversed
with a lower magnitude (between +1% and �1%) and a
trend similar to the epithermal and the fast-flux spectral
error eϕE

, since its fission cross section is zero in the ther-
mal energy region and assumes a non-zero value only at
the epithermal and fast energy regions.

The errors in the microscopic 1-group capture cross
section eσcapt: are shown in the right panel of Figure 6 for
135Xe and 149Sm (major poisons), 131I (a radioactive fis-
sion product) and 241Am (a radioactive actinide). Since
the radiative capture cross sections for the selected isotopes
are higher at the thermal energy region, eσcapt: follows the
trend of the thermal flux spectral error eϕE

. It is important
to note that these errors are not negligible, reaching
values between �10% and 11% for 135Xe and 149Sm. These
isotopes are among the main poisons in the reactor core,
and errors in their densities may also impact the reactor's
safety analysis report and its operational conditions.

3.3 | Cross-section uncertainty
propagation to the flux and reaction rates

The reactor power is constant and identical throughout
the numerical simulations for both CBC and FBC cases.

FIGURE 3 Boron concentration (left) and reactivity (right) over time, comparing the case with CBC and FBC
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The conservation of the total fission rate in the core dic-
tates flux variations such that the variations in the fission
cross section (eσfiss:) are compensated. The error in the
1-group flux between FBC and CBC cases during the irra-
diation cycle is reported in Figure 7, where its values
range between 7.5% and �6%. The trend is opposite to
that of the error in the fission cross section eσfiss: of the fis-
sile isotopes, as expected for constant reactor power.

So the opposite trends in the errors in the 1-group fis-
sion cross section and the flux yield a constant power

which is proportional to σfϕ. However, in the Bateman
equations (Equations 1-4), the 1-group flux appears in
additional multiplication terms with other (not fission)
cross sections. The general form of these terms is σijϕ,
which stands for other transmutation reaction rates, for
example, radiative capture n,γð Þ and inelastic scattering
n,2nð Þ. These terms, in general, do not conserve the reac-
tion rates concerning the CBC case. Hence, it follows that
both uncertainties, in the 1-group flux eϕ and cross sec-
tions eσ , need to be considered for an in-depth study of
the boron concentration effect and its associated spectral
uncertainty on the resulting nuclide densities.

In particular, it is highly valuable to provide a physi-
cal explanation to the error analysis through the cycle
and the burnup computational scheme. This is challeng-
ing since a single nuclide (Bateman) equation is unique
and coupled to other equations, in relation to the reaction
rates and decays that involve the specific nuclide under
consideration. It is obvious that providing a physical
explanation for each isotope (�1200 of total isotopes) is
not possible.

Therefore, only a few representative isotopes are con-
sidered in the analysis of uncertainty propagation into
the 1-group cross section, that is, 131I, 135Xe, 235U, 238U,
239Pu, and 241Am. The relative errors in cross section eσ

FIGURE 4 Spectra and relative difference for FBC and CBC simulations. The upper panels show the normalized spectrum on the

lethargic scale and the lower panels show the relative difference between CBC and FBC spectra. The left and right panels are for BOC and

EOC, respectively

FIGURE 5 Quantification of the error in the FBC spectra with

respect to the CBC spectra for each energy region for each time step
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and reaction rate of destruction erii , associated with the
absorption term rii ¼�σabsi ϕ are compared between FBC
and CBC cases in Figure 8. In Figure 9, the relative errors
in isotope density edens: are reported for the selected iso-
topes. The nuclei are indicated by their atomic mass
number.

For 235U, the error in the absorption cross section eσ235abs:
,

which is dominated by the major contribution of eσ235fiss:
, is

compensated by the errors in the flux (see Figure 7),
which exhibit an opposite trend. The resulting absolute
value of the error in the absorption reaction rate er235ii

is
less than 1% throughout most of the cycle. Since the
burnup of 235U depends only on the absorption rate
(no production terms through decay or transmutation),
the small errors in the absorption reaction rate er235ii

lead
to negligible errors in the isotope density e235dens.

For 238U, only errors in the absorption reaction rate
er238ii

should be considered, similarly to 235U. The error in
the flux is much larger (up to 8% difference) than the
error in the absorption cross section eσ238abs:

, leading to a sig-
nificant error in the absorption reaction rate er238ii

, which
follows the same trend of eϕ. Although the relative error
in the absorption rate er238ii

is between 7.5% and �5%, the

impact on error in the nuclide density e238dens is negligible.
This is unique to 238U due to its high nuclide density in
the core and its relatively small absolute value of the
absorption rate.

Since 239Pu is obtained from the capture of a neutron
in a 238U nucleus, the initial positive (and final negative)
relative error in the absorption cross section er238ii

is
reflected in the relative error of the nuclide density e239dens,
which exhibits a similar trend. Additionally, the relative
error in the absorption cross section er239ii

is small and neg-
ative for the majority of the fuel cycle, contributing to a
significant positive e239dens, which ranges between 6%
and �2%.

The following expression describes the Xenon density
at equilibrium24:

Neq:
Xe ¼

rtherm:
fiss: λXeþλIð Þ
σXeabs:ϕth:þλXe

ffi rfiss: λXeþ λIð Þ
r135ii þ λXe

, ð9Þ

where ϕtherm: is the thermal flux, rtherm:
fiss: and rfiss: are the

thermal and the total fission rate, respectively, σXeabs: is the
thermal absorption cross section of 135Xe, and λXe and λI
are the decay constants of 135Xe and 135I, respectively.

Since the thermal part of the flux dominates both the
total fission and Xenon absorption rates, rth:fiss: is approxi-
mated as the (constant) total fission rate rfiss:, and
σXeabs:ϕth: ffi r135ii . In the first half of the irradiation cycle,
er135ii

is negative, that is, lower absorption rate for the CBC
case compared to the FBC one, which results in higher
values of Neq:

Xe and positive e135dens:. In the second half of the
cycle, the trend is reversed.

The 241Am isotope is generated by the β� decay of
241Pu, created by neutron capture by 240Pu and 239Pu. As
shown in Figure 9, the errors in the density of plutonium
isotopes are cumulative, that is, the errors are accumu-
lated by propagating to isotopes with higher atomic num-
bers. For example, 239Pu is the source for 240Pu

FIGURE 6 Errors in the fission and capture microscopic 1-group cross sections for selected radionuclei

FIGURE 7 The relative error in the 1-group flux eϕ between

FBC and CBC cases during the irradiation cycle
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(by neutron capture), hence errors in 239Pu will be propa-
gated to the density of 240Pu. On the other hand, the den-
sity errors of 241Am are the same as 241Pu at the BOC,
which is probably due to the small absolute densities of
both isotopes. After BOC, the error in 241Am density
remains higher than 241Pu, since, as reported in Figure 8,
the error in destruction rate of 241Am r241ii decreases
over time.

The production of 131I depends on the fission rate,
which is the same for the CBC and FBC cases. The
destruction rate is mainly due to its decay and the impact
of the capture on its density is negligible. For these rea-
sons, e131dens is not significant. Many other fission products

FIGURE 8 The relative errors in absorption cross section σabs: and reaction rate of destruction rii between the FBC and CBC cases for

selected isotopes selected

FIGURE 9 The relative error in the nuclide densities between

the FBC and CBC cases for several selected isotopes
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(direct or indirect) exhibit similar behaviour due to simi-
lar reasons, for example, Ba, Sr, La, and Mo.

3.4 | Uncertainty analysis on source
term isotopes

The source term analysis is based on the characterization
of the radioactive material contained in the fuel to evalu-
ate its dispersion due to a reactor accident. The radionu-
clide inventory of interest was revised over the years by

the US NRC until the current version in the report from
1995 NUREG-1465,25 shown in Table 2.

Note that the density of these elements is only an
indication in safety analysis, for which it is more impor-
tant to consider their activity. Indeed, also isotopes in
small relative quantities can contribute significantly to
the total radioactivity of the single element.

From the radionuclides specified in Table 2, those
with density and activity errors higher than 0.5% are
shown in Figure 10. The elements are grouped in four
panels for fission products (top) and actinides (bottom),
and for density (left) and activity (right) errors. The amer-
icium is also included since it is considered in other
reports and radiological analyses.26

The relative errors in elements' activity eact: are higher
than the relative errors in their density edens:. All the
errors decrease over time; even though each variation
can be explained by the physical interpretation of the
Bateman equations, as done in the previous section, the
general trend follows the flux errors. In addition to amer-
icium, significant errors are also exhibited by cobalt and
neptunium, the last one particularly significant since it
contributes about 50% to the total actinides activity.

The results suggest that an accurate (best estimate)
evaluation of the isotopic inventory at any time during
the cycle can be performed by employing CBC, avoiding
significant errors. Indeed, the magnitude of density errors

TABLE 2 NUREG-1465 Revised source term radionulide

inventory25

Group Elements

Noble gases Xe, Kr

Halogens I, Br

Alkali metals Cs, Rb

Barium and Strontium Ba, Sr

Noble metals Ru, Rh, Pd, Mp, Tc, Co

Lanthanides La, Zr, Nd, Eu, Nb, Pm, Pr, Sm, Y

Tellurium group Te, Sb, Se

Cerium group Ce, Pu, Np

FIGURE 10 Errors in nuclide densities (left) and activities (right) for selected fission products (top) and actinides (bottom)
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edens: reaches high values considering the uncertainties
from other input parameters, enrichment, temperatures,
and sample burnup, in spent fuel analysis.11 Further-
more, edens: is compatible with the values of a typical
uncertainty propagation of the nuclear data in LWR fuel,
as described in27 for 239Pu (1%-2%), 237Np (4%-15%), and
241Am (4%-15%).

3.4.1 | Error in activity and toxicity after
shutdown during the cycle

In source term analysis, it is also important to evaluate
the activity of the radionuclides after reactor shutdown,
whether planned or emergency. To obtain an indicative
impact of activity errors in this situation, decay calcula-
tions were performed for CBC and FBC cases, simulating
the reactor shutdown at Quarter of Cycle (QOC), Middle
Of Cycle (MOC), Three Quarter Of Cycle (TQOC) and
EOC. In this procedure, the reactor power is set to zero at
the specific time and the decay is calculated for addi-
tional 100 days using the following finer time steps in

days: 0.021, 0.042, 0.1, 0.2, 0.3, 0.4, 0.5, 0.8, 1.0, 1.5, 2.0,
2.5, 3, 4, 5, 6, 7, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100.

In addition to the radioactivity, the inhalation and
ingestion toxicity errors are also analyzed. They corre-
spond to the air mass (inhalation) and water volume
(ingestion) necessary to dilute the radionuclides to per-
mitted concentration levels, to prevent damage to the
human body.

The nuclide elements are grouped into Fission Prod-
ucts (FP) and actinides. For the sake of completeness,
their activity and radiotoxicity are shown in Figure 11
with the CBC, where these quantities have the typical
exponential decrease over time due to radioactive decay.

The relative errors between CBC and FBC if the FP
group is negligible, with values under 0.2%. The situation
is different for the actinide group, where the errors reach
�5%, as reported in Figure 12. A decrease if the errors is
exhibited from positive at QOC to negative at EOC,
reflecting the decrease of edens: discussed before.

Notice that the errors at EOC are negative and in the
order of 1% to 5% for activity and ingestion radiotoxicity.
For this reason, the validity of the assumption in,11 that

FIGURE 11 Activity, ingestion, and inhalation radiotoxicity for actinide, FP, and total group, after reactor shutdown at different times
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is, burnup analysis with average FBC and CBC are equiv-
alent in burnup credit, maybe not be generally valid since
it depends on the target accuracy of the calculation.

In source term analysis, in addition to the consider-
ations made in the previous section, it is important to
note that the errors may become more significant by con-
sidering their propagation to estimate the radionuclide
release in-gap, in-vessel, ex-vessel, and late in-vessel.28

4 | CONCLUSIONS

This work presents a detailed physical analysis of the
errors in isotopic inventory calculations due to a depar-
ture from critical boron concentration during calculation.
The model used is a simplified fuel pin cell with critical
and fixed (average) boron concentrations, and the flux
and burnup solver used is Serpent. In particular, a meth-
odological physical approach for the error propagation
analysis is presented and applied to the non-linear feed-
back loop of boron concentration, energy spectrum,
cross-sections, flux and reaction rates, nuclide densities,
and so forth.

The results indicate that employing average boron
concentration may result in significant errors of 2% to

20% for the density and activity of the following nuclei of
interest: Pd, Sm, Co, Rh, Eu, Ru, Np, Pu, and Am. These
significant errors usually occur during the cycle and gen-
erally decrease over time, reaching negative values at
EOC. This is explained by the major effect of flux errors,
with values between 7.5 and �6%.

The results emphasize the benefits of high-fidelity
models in assessing the radionuclide inventory in the
core for the purpose of, for example, source term analysis.
The results indicate that it is possible to employ the
“best-estimate” calculation scheme with high accuracy
rather than a conservative approach, in which, for exam-
ple, the postulated inventory throughout the cycle is
taken as the EOC inventory (worst case scenario). This
work provides preliminary quantification of the accuracy
of employing CBC, especially concerning the growing
interest in high accuracy source term assessment and
burnup credit analysis.

Finally, reactor shutdowns were simulated at differ-
ent times during the cycle, and radionuclides densities
were calculated for 100 days after shutdown. The analysis
showed significant errors in the activity and radiotoxicity
of the actinides, between 6% and �5%, mainly due to the
error in neptunium buildup, which contributes to around
50% of the total actinides activity.

FIGURE 12 Errors on activity, ingestion, and inhalation toxicity, for the actinide group after the shutdown at different times
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The investigation carried out in this work may consti-
tute a starting point for future uncertainty and sensitivity
analysis to study the influence of the spectrum variations
(due to boron or other effects) on the source term
calculation.
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